ON THE RIGIDITY OF HORIZONTAL SLICES 



ZHIQIN LU 

Abstract. In this paper, we proved a rigidity theorem of the Hodge 
metric for concave horizontal slices and a local rigidity theorem for the 
monodromy representation. 



1. Introductions 

Let (X, u>) be a polarized simply connected Calabi-Yau manifold. That is, 
X is an n-dimensional compact Kahler manifold with zero first Chern class 
and [uj] G H 2 (X,Z) is a Kahler metric. By the famous theorem of Yau |12j . 
there is a Kahler metric on X in the same cohomological class of [u>] such 
that its Ricci curvature is zero. 

Let be the holomorphic tangent bundle of X. In Tian proved 
that the universal deformation space of the complex structure is smooth. 
The complex dimension of the universal deformation space is dim H 1 (X, B). 
In other words, there are no obstructions towards the deformation of the 
complex structure of Calabi-Yau manifold. A good reference for the proof 
is in [3]. 

Take n = 3 for example. A natural question is that to what extent the 
Hodge structure, namely, the decomposition of H 3 {X, C), into the sum of 
H p ' q, s (p+q=3), determines a Calabi-Yau threefold. Let's recall the concept 
of classifying space in [3] , which is a generalization of classical period domain. 
In the case of Calabi-Yau threefold, the classifying space D is defined as the 
set of the nitrations of H = H 3 (X, C) by 

C F 3 C F 2 C F 1 C H 

with dimF 3 = 1, dimF 2 = n = dimH 1 (X,Q), dimF 1 = 2n + 1, and 
H p, q _ p P n H _ pP F 4- P (p+ q =3) together with a quadratic form 
Q such that 

(1) iQ(x,x) < if + x G H 3 ' 

(2) iQ(x,x) > if / x G H 2 ' 1 

where i = y/—l. 

There is a natural map from the universal deformation space into the 
classifying space. Intuitively, this is because D is just the set of all the 
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possible "Hodge decompositions". Such a map is called a period map. In 
the case of Calabi-Yau, the map is a holomorphic immersion. Thus in that 
case, the infinitesimal Torelli theorem is valid [3]. 

It can be seen that D fibers over a symmetric space D\. But such a 
symmetric space needs not to be Hermitian. Even D± is Hermitian sym- 
metric, D still needs not fiber holomorphically over D\. Although in that 
case, there is a complex structure on D such that D becomes homogeneous 
Kahlerian |Hj. 

Griffiths introduced the concept of horizontal distribution in Q. He 
proved that the image of the universal deformation space, via the period 
map to the classifying space, is an integral submanifold of the horizontal 
distribution. A horizontal slice is an integral complex submanifold of the 
horizontal distribution. In this terminology, the universal deformation space 
is a horizontal slice of the classifying space. The horizontal distribution is a 
highly nonintegrable system. 

Because of the above result of Griffiths, it is interesting to study horizontal 
slices of a classifying space. The local properties of horizontal slices have 
been studied in |Hj and 0- 

In [Bj, we introduced a new Kahler metric on a horizontal slice U. We call 
such a metric the Hodge metric. The main result in [B] is that (see also [3] 
for the case n = 3) 

Theorem. Let U — > D be a horizontal slice. Then the restriction of the 
natural invariant Hermitian metric of D to U is actually Kahlerian. We call 
such a Kahler metric the Hodge metric of U . The holomorphic bisectional 
curvature of the Hodge metric is nonpositive. The Ricci curvature of the 
Hodge metric is negative away from zero. 

In this paper, we study some global rigidity properties of horizontal slices. 
In order to do that, we observe that the universal deformation space U 
carries less global information than the moduli space A4, which is essentially 
the quotient of the universal deformation space by a discrete subgroup T of 
Aut(U). The group T is called the monodromy group of the moduli space. 
The volume of the space T\U is finite with respect to the Hodge metric. This 
is the consequence of the theorem of Viehweg |JJJ , the theorem of Tian ^Hj 
and the above theorem. 

For a horizontal slice U of D, if T is a discrete subgroup of U such that 
the volume of T\U is finite, then a general conjecture is that whether T 
completely determines the space T\U. In the case where n = 2, this is 
correct by the superrigidity theorem of Margulis 7 . In general, this is a 
very difficult problem. 

We consider the following weaker rigidity problem: to what extent the 
complex structure of the moduli space determines the metrics on the moduli 
space and the monodromy representation? To this problem, we have the 
following result in this paper. 
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First, we proved that, if T\U is a complete concave manifold, then the 
complex structure of T\U completely determines the Hodge metric of T\U. 
More precisely, we proved that if for some discrete group T of Aut(U), T\U 
is a concave complete complex manifold, then the Hodge metric defined on U 
is intrinsic. In other words, the Hodge metric doesn't depend on the choice 
of the holomorphic immersion U — > D from which it becomes a horizontal 
slice. 

Theorem 1.1. // the moduli space T\U is a concave manifold. Then the 
Hodge metric is intrinsically defined. 

The second main result of this paper is the local rigidity of the monodromy 
representation. The result is in Theorem 15. II We combine the superrigidity 
theorem of Margulis [Zj together with some ideas of Frankel [2] in the proof 
of the theorem. 

Theorem 1.2. (For definition of the notations, see §5) Let T\U be of finite 
Hodge volume. Suppose further that Qq is semisimple and Qq/KLq is a Her- 
mitian symmetric space but is not a complex ball, where /Co is the maximum 
compact subgroup of Qq . Then the representation V — > Q is locally rigid. 

The motivation behind the above results is that in the case of K-3 sur- 
faces, the moduli space is a local symmetric space of rank 2. But even in the 
case of Calabi-Yau threefold, little has been known about the moduli space. 
We wish to involve certain kinds of metrics (Weil-Petersson metric, Hodge 
metric, etc) in the study of the moduli space of Calabi-Yau manifolds. The 
metrics have applications in Mirror Symmetry of Calabi-Yau manifolds |LS| . 

Acknowledgment. The author thanks Professor G. Tian for his help 
and encouragement during the preparation of this paper. 

2. Preliminaries 

In this section, we give some definitions and notations which will be used 
throughout this paper. Unless otherwise stated, the materials in this section 
are from the book of Griffiths 4 . 

Let X be a compact Kahler manifold. A C°° form on X decomposes 
into (p,q)-components according to the number of dz's and dz's. Denot- 
ing the C°° n-forms and the C°°(p,q) forms on X by A n (X) and A p ' q (X) 
respectively, we have the decomposition 

A n (X) = AP' q (X) 

p+q=n 

The cohomology group is defined as 

H p ' g (X) ={closed(p,q) — forms} /{exact(p,q) — forms} 

={(/) e A p ' q (x)\d<p = o}/dA n - 1 (x) n A p ' q (x) 

The following theorem is well known: 
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Theorem (Hodge Decomposition Theorem). Let X be a compact Kahler 
manifold of dimension n. Then the n-th complex de Rham cohomology group 
of X can be written as a direct sum 

H n DR {X^)®C = Hl R {X,C)= © W>«(X) 

p+q=n 

such that H p > q (X) = H«>p(X). 

Remark 2.1. We can define a filtration of Hp R (X, C) by 

0CF"C F 11 - 1 C ■ ■ ■ F 1 = H = H$ R (X, C) 

such that 

H p ' q (X) =F p nF q 

So the set {H p,q (X)} and {F p } are equivalent in defining the Hodge de- 
composition. In the remaining of this paper, we will use both notations 
interchangeably. 

Definition 2.1. A Hodge structure of weight j, denoted by {Hz, H p ' q } , is 
given by a lattice Hz of finite rank together with a decomposition on its 
complexification H = Hz © C 

H= © H p ' q 

p+q=j 

such that 

H p ' q = IP^p 

A polarized algebraic manifold is a pair (X, uj) consisting of an algebraic 
manifold X together with a Kahler form ui 6 H 2 (X, Z) . Let 

L : H j {X,C) -► H j+2 (X,C) 

be the multiplication by w, we recall below two fundamental theorems of 
Lefschetz: 

Theorem (Hard Lefschetz Theorem). On a polarized algebraic manifold 
(X,uj) of dimension n, 

L k . #w-k(x,C) -► H n+k (X,C) 
is an isomorphism for every positive integer k < n. 
From the theorem above, we know that 

L n-j . Ht(X,C) -»• H 2n ~ j {X,C) 

is an isomorphism for j > 0. The primitive cohomology P 3 (X, C) is defined 
to be the kernel of L n ^' +1 on W{X, C). 

Theorem (Lefschetz Decomposition Theorem). On a polarized algebraic 
manifold (X,u), we have for any integer j the following decomposition 

[-] 

H j (X,C)= © L k P j ~ 2k (X,C) 

k=0 
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It follows that the primitive cohomology groups determine completely the 
full complex cohomology. 

In this paper we are only interested in the cohomology group Hp R (X, C). 
Define 

H z = P n (X,C)nH n (X, Z) 

and 

HP>i = P n (X,C)nH p > q (X) 
Suppose that Q is the quadric form on Hp R (X, C) induced by the cup 
product of the cohomology group. Q can be represented by 



Q(0,VO = (-i) n(n - 1)/2 j 



4> Atp 



Q is a nondegenerated form, and is skewsymmetric if n is odd and is 
symmetric if n is even. It satisfies the two Hodge-Riemannian relations 

(1) Q(HP'i,HP'>*') = unless p' = n - p,q' = n - q; 

(2) {^l) p - q Q{4>,4>) > for any nonzero element G H p < q . 

Let Hz be a fixed lattice, n an integer, Q a bilinear form on Hz, which 
is symmetric if n is even and skewsymmetric if n is odd. And let {h p ' q } be 
a collection of integers such that p + q = n and ^h p ' q = rank Hz- Let 
H = H Z ®C. 

Definition 2.2. A polarized Hodge structure of weight n, denoted by 
{Hz, F P ,Q}, is given by a filtration of H = Hz <8> C 

C F n C F n ~ l C • • • C F° C H 

such that 

H = F P ® T l ~ p+1 

together with a bilinear form 

Q : H z ® H z ^ Z 

which is skewsymmetric if n is odd and symmetric if n is even such that it 
satisfies the two Hodge-Riemannian relations: 

(1) Q(F p ,F n ~ p+1 ) = unless p' = n - p,q' = n - q; 

(2) (V^T) p "' ? Q(0,0) > if<t> € H p,q and(j)^0 
where H p ' q is defined by 

H p ' q = F p n F 9 

Definition 2.3. Wit/i i/ie notations as above, the classifying space D for 
the polarized Hodge structure is the set of all the filtration 

C F n C • • • C F 1 C H, dimF p = f p 

with f p = h n, ° + • • • + h n,n ~ p on which Q satisfies the Hodge-Riemannian 
relations as above. 

D is a complex homogeneous space. Moreover, D can be written as 
D = G/V where G is a noncompact semisimple Lie group and V is its 
compact subgroup. In general, D is not a homogeneous Kahler manifold. 
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3. The Canonical Map and the Horizontal Distribution 

In this section we study some elementary properties of classifying space 
and horizontal slice. 

Suppose D = G/V is a classifying space. We fix a point of D, say p, 
which can be represented by the subvector spaces of H 

C F n C F n - 1 C---F 1 C H 

or the set 

{H p ' q \p + q = n} 
described in the previous section. We define the subspaces of H: 

H + = H n,0 + H n-2,2 + . . . 

H~ = H n ~ 1,1 + iT 1 - 3 ' 3 + • ■ ■ 

Suppose K is the subgroup of G such that K leaves H + invariant. Then 
we have 

Lemma 3.1. The identity component Kq of K is the maximal connected 
compact subgroup of G containing V. In particular, V itself is a compact 
subgroup. 

Proof: Recall that V C G C Hom(Hji, Hp) is a real subgroup, where 
Hp = Hz ® M. Without losing generality, we assume V fixes p. Then we 
have 

VF p C F p 
where p = 1, ■ ■ ■ , n. This implies that 

VFQ C F« 

for q = 1, ■ ■ • , n. So 

VH p ' q = V(F P nF?)c VF P n VF~Q = H p ' q 
Thus V leaves H + invariant and thus V C K. 

In order to prove that Kq is a compact subgroup, we fix some H + , H~ C 
H. Note that if 7^ x € then from the second Hodge- Riemannian 
relation 

(V^l) n Q(x,x) > 
So for any norm on H + , there is a c > such that 

-IMI 2 > (y/^l) n Q(x,x) > c\\x\\ 2 

c 

For the same reason, we have 

^IM| 2 > -(V^l) n Q(x,x) > c\\x\\ 2 

for x 6 -ff - . 
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Let g G Kq. For any x, let x = x + + x~ be the decomposition of x into 
H + and iJ _ parts. Then 

\\gx ± \\ 2 <±-(V=l) n Q(gx ± ,gx^) 
c 

= ±-(V=l) n Q{x ± ,x±) < -^II^H 2 

C (T 

Thus 

lbll<c 

So the norm of the element of Kq is uniformly bounded. Consequently, 
Kq is a compact subgroup. 

Suppose that K' D Kq is & compact connected subgroup. Suppose t' is 
the Lie algebra of K', then if Kq is not maximal, there is a £ G 6' such that 
£ ^ fo for the Lie algebra fo of Kq. 

Suppose £ = £1 + £2 is the decomposition for which 

i 1 :H + ^ H + ,H- -► fl- 
6 : H + ^ H-,H- ^ H + 

Then we have 
Lemma 3.2. £1,^2 £ 0i? /or the Lie algebra qr of G. 

Proof: First we observe that 

Q(H + , H + ) = Q(H-,H~) = 0, n odd 

Q(H + ,H-) = Q(H-,H + ) = 0, n even 

by the type consideration. Since Q is invariant under the action of G by 
definition, we have 

Q(fr,y) + Q(x,Sy) = o 

Thus 

Qitix, y) + Q(x, fry) + Q(&s, y) + Q(x, fry) = 

If n is odd then if x € H + ,y G i/ + or x G H~,y G ii -- then 

Q(frc,y) + Q(s,£iy) = o 

so in this case 

Q(6x,y) + Q(x,<£ 2 y) = 
and if x G + , y G -£f _ or x G H~ ,y G -£f + then we have 

Q(6x,y) + Q(z,6y) = 

automatically. Thus we concluded 

Q(frx,y) + Q(x,fry) = 

for any x,y £ H. So £2 G £)_r and thus fr G 0_r. 
The same is true if n is even. 

□ 
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We define the Weil operator 

C : H p ' q -> H p ' q , C\ H *« = (V^l) p ~ q 

Then we have 

c\ H+ = (^ir, c\ H - = -{^=ir 

Let 

Qi(x,y) = Q(Cx,y) 

Then we have 
Lemma 3.3. Qi is an Hermitian inner product. 
Proof: Let 

X = X\ + X 2 

be the decomposition of x such that x\ G H + and x 2 G H~ . 

If n is odd, then ~x~2 G H + . So Q{x\,x 2 ) = 0; if n is even, then ^2 G 
So <2(xi, £2) = 0. 

If x we have 

Qi(x,x) = Qi(xi,xi) +Qi(x 2 ,x 2 ) + Qi(xi,x 2 ) + Qi(x 2 ,x 1 ) 

= +Qi(x 2 ,x 2 ) 

= {V=l) n (Q(x u xi) - Q{X2,X1)) > 

Thus Qi(-,-) is a Hermitian product on H. Furthermore, it defines an 
inner product on Hr = Hz <S> R- 

□ 

Now back to the proof of Lemma 13,11 we have 

Qi{&x,y) = Q(C&x,y) = -Q(&Cx,y) = Q(Cx,&y) = Qx(x,&y) 

Thus ^2 is a Hermitian metrics under the metric Q\. Since K' is a compact 
group, there is a constant C such that 

||arp(*60|| < C < +oo 

for all t G R which implies £2 = 0. 

□ 

Lemma 3.4. Lei 

D x = {H n '° + F n " 2 ' 2 + • • • \{H p ' q } G £>} 

TTien the group G acts on D\ transitively with the stable subgroup Kq, and 
D\ is a symmetric space. 

Proof: For x,y G D\, let Hx' 9 ,Hy' q be the corresponding points in D. 
Since D is homogeneous, we have a g G G such that 

g{H™} = H™ 

So gx = y. This proves that G acts on D\ transitively. By definition, Kq 
fixes the H + of the fixed point p G D. By Lemma 13.11 Z?i is a symmetric 
space. 
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Definition 3.1. We call the map p 

p : G/V G/K , {H p ' q } ^ H n '° + H n ~ 2 ' 2 + ■■■ 

the natural projection of the classifying space. 

There are universal holomorphic bundles £ n , • • • , F 1 , H over D, namely 
we assign any point p of D the linear space 

C F n C • • • C F 1 C H 

or in other words, assign every point of D the space H = Hz <8> C, with the 
Hodge decomposition 

H = ^ H p ' q 

It is well known that the holomorphic tangent bundle T(D) can be realized 

by 

T(D) C (BHom(F p ,H/F p ) = © Hom(H p ' q ,H p - r ' q+r ) 

r>0 

such that the following compatible condition holds 

pp ► pp- 1 

H/F p < HjF p - x 

We define a subbundle Th{D) called the horizontal bundle of D, by 

T h (D) = {teT(DMF p cF p - 1 } 

Th(D) is called the horizontal distribution of D. The properties of the 
horizontal bundle or the horizontal distribution play an important role in 
the theory of moduli space. 

Let 0r be the Lie algebra of G. Suppose 

QR = h + Po 

is the Cartan decomposition of qr into the compact and noncompact part. 
Lemma 3.5. If we identify Tq(G) with the Lie algebra Qr. Then 

E C po 

where E is the fiber ofTh(D) at the original point. 

Proof: Suppose 

{0 C f n C f 1 ' 1 C • • • f 1 C H] or {h™} 

is the set of subspace representing the point eV of D = G/V. Suppose 
X G E. Then X G E if 
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Let X = X\ + X2 be the Cartan decomposition with X\ £ fo, and X2 £ po- 
Let 

/j+ = + /i™" 2 ' 2 + • • • 

hr = h"- 1 ' 1 + /i n " 3 ' 3 + ■ • ■ 

be the subspaces of H. 

By definition X\ £ fo, we see that 

Since X maps / fc to so does Xi. So Xi must leave f k invariant because 
X\ sends h + to and /i~ to h~ . 

Prom the above argument we see that X± £ 0, the Lie algebra of V. Thus 
the action X on the classifying space is the same as X2. But X2 £ po- This 
completes the proof. 

□ 

On the other hand, V/i £ V, X £ E, we have Ad(h)X £ E 1 . So there is a 
representation 

p: V-> Aut(£7), h*->Ad(h) 
Suppose T" is the homogeneous bundle 

T' = Gx v E 

whose local section can be represented as C°° functions 

f:G^E 

which is V equivariant 

f(ga) = Ad(a- 1 )f(g) 
for a £ V, g £ G. Our next lemma is 
Lemma 3.6. 

r = r h {D) 

Proof: What we are going to prove is that both vector bundles will be 
coincided as subbundles of T(D). 

Suppose f £ T' gV for g £ G where T' gV is the fiber of T' at gV. Then £ 
can be represented as 

£ = (5,6) ^ 6e£ 

So the 1-jet in the £ direction is (g + eg^i)V for e small. Such a point is 

(g + eg^){f p } = a + ^ig- 1 ){F p } 

where {F p } = g{fP}. 

Suppose £2 = 9ii9~ 1 -, then 

£ 2 F P £ F'f- 1 

Thus £ 2 G (T h ) pV (D) and 

T' gV C (T h ) g v(D) 



11 



Thus 

T' C T h (D) 

and T' is the subbundle of T^{D). But since they coincides at the origin, 
they are equal. 

Corollary 3.1. Suppose T V {D) is the distribution of the tangent vectors of 
the fibers of the natural projection 

p: D -> G/K 

then 

T v (D)nT h (D) = {0} 

Proof: 

T V (D) = Gx v t> 1 

where fo = + di and Di is the orthonormal complement of the Lie algebra 
t> of V. 

□ 

Definition 3.2. Let U be a complex manifold. If U C D is a complex 
submanifold such that T(U) C Th{D)\u . Then we say that U is a horizontal 
slice. If 

f:U->D 

is an immersion and f(U) is a horizontal slice, then we say that (U, f) or 
U is a horizontal slice. In a word, a horizontal slice U of D is a complex 
integral submanifold of the distribution T^D). 

Because to become a horizontal slice is a local property, we make the 
following definition: 

Definition 3.3. Suppose V is a discrete subgroup of U and suppose V C G 
for D = G/V . Then if U — > D is a horizontal slice, we also say that T\U 
is a horizontal slice. 

Corollary 3.2. If f : U — > D is a horizontal slice, then 

p : U C D -» G/Kq 

is an immersion, where p : D — > G/Kq is the natural projection in Defini- 
tionUJ\ 

□ 

4. A Metric Rigidity Theorem 

In this section, we prove that, for concave horizontal slices, the Hodge 
metric is intrinsically defined. That is, the Hodge metric does not depend 
on the immersion to the classifying space. 

To be precise, suppose T\U — * T\D is a horizontal slice. Then we can 
define the Hodge metric on T\U. But as a complex manifold, the horizontal 
immersion T\U — * T\D may not be unique. If a metric defined on T\U is 
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independent of the choice of the immersion, we say such a metric is defined 
intrinsically. 

For the moduli space of a Calabi-Yau threefold, the Hodge metric is de- 
fined intrinsically by the main result in 0. It is interesting to ask if the 
property is true for general horizontal slices. 

Definition 4.1. The classifying space D, as a homogeneous complex man- 
ifold, has a natural invariant Kahler form ujh- In general, duou 7^ 0. How- 
ever, if U — > D is a horizontal slice, then duju = (cf. 6 ). The metric 
^h\u is called the Hodge metric. 

Definition 4.2. We say a complex manifold M is concave, if there is an 
exhaustion function ip on M such that the Hessian of cp has at least two 
negative eigenvalues at each point outside some compact set. 

Any pluriharmonic function on a concave manifold is a constant. 
Suppose fi : U — ► D, i = 1,2 are two horizontal slices. Suppose we have 
r £ Aut(U),TQ £ AutD and we have the group homomorphism 

p ■ r -> r , 

such that 

fi(ix) = P(l)fi(x), * = 1, 2, 7Gr,j;e[/ 
where the action ^0(7) on D is the left translation. 

The main results of this section are the following two theorems: 

Theorem 4.1. With the notations as above, suppose that T\U has no non- 
constant pluriharmonic functions. Then there is an isometry f : fi(U) — » 
f 2 (U) such that f o f x = f 2 . 

Proof of Theorem l4.lt Let D\ = G/Kq be the symmetric space defined 
in Lemma l3?n We denote fx : U — > G/Kq and fo'.U ^> G/Kq to be the two 
natural projections, that is fi = p o fi where p is defined in Definition 13.11 
By Corollary 13.21 both maps are immersions. Let 

g:U^R, g(x)=d(f 1 (x),f 2 (x)) 

where d(-, •) is the distance function of G/Kq. Thus since G/Kq is a Cartan- 
Hardamad manifold, g(x) is smooth if g(x) ^ 0. 

Let p £ U and X E T p U. Let Xt = X 2 = {f 2 )* p X. Let a be the 

geodesic ray starting at p with vector X. i.e. 

a"(t) = 

a(0)=p,a'(0) = X 

Suppose the smooth function a(s,t) is defined as follows: for fixed s, 
a(s,t) is the geodesic in G/K connecting fi(a(s)) and f 2 (a(s)). Further- 
more, we assume that <r(0, t) is normal, i.e. t is the arc length, define 



a(s,t) 

=0 
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be the Jacobi field of the variation. In particular 

X(0) = X 1 
X(l) = x 2 

where I = g(x). Suppose T is the tangent vector of a(0,t), we have the 
second variation formula 

XX(g)\ p =< V X2 X 2 ,T> - < V Xl X h T> 

+ [ \V T X\ 2 - R(T,X,T,X)- (T <X,T >f 
Jo 

where V is the connection operator on G/Kq and R{-, ■,-,■) is the curvature 
tensor. 

We also have the first variation formula 

Xg =< (/ 2 )*X, T > - < (fi)*X, T > 

By jSJ Theorem 1.1], we know fi(i = 1,2) are pluriharmonic. That is, we 
have the following 

Vff,vx(/i)«.* + V (fA r X (fa*JX + (fi)>J[X, JX] = 



for i = 1,2. 
Define 

D(X, X) = XXg + {JX){JX)g + J[X, JX]g 
Using the fact that J is V-parallel, we see 

D(X, X)g = [ \X'\ 2 - R(T, X, T, X) — (T < X,T >) 2 
Jo 

+ / \JX'\ 2 - R(T, JX, T, JX) - (T < JX, T >f 
Jo 

where JX is the Jacobi connecting fi(Ja(t)) and f2(Jcr(t)). 
Claim: If g{x) ^ 0, then Hessian of g at x is semipositive. 
Proof: Let (g|r, • • • , gfrr) be the holomorphic normal frame at p £ U. 

In order to prove g is plurisubharmonic, it suffices to prove that g z _§^- > 0. 
But 

4 d 2 g _ d 2 g ^ d 2 g _ ^. d d 
dzi&zl dx 2 dyf dxi ' dxi 

Let X = ^7 in the second variation formula. Since the curvature of the 
symmetric space is nonpositive, 

D{^-,^-)g> l \X'\ 2 - (T < X,T >) 2 + \JX'\ 2 - (T < JX,T>) 2 
dxi dxi J 
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because the curvature operator is nonpositive. On the other hand 

\X'\ 2 - (T < X,T>) 2 = \X'- <X',T> T\ 2 > 
(4.1) . 

|JX'| 2 - (T < JX,T >) 2 = \ JX - < JX ,T > T\ 2 > 

Thus 5 is plurisubharmonic if g(x) ^ 0. 

<? 2 (x) is a smooth function on U. It is easy to see that g 2 is a plurisub- 
harmonic function. But g 2 is also T-invariant so it descends to a function 
on T\U. Thus g 2 and (7 must be constant. 

Since g is a constant, by Equation (|4.1jl and the second variational for- 
mula, we have 

f i"'- < X',T > T = 
\ R(T,X,T,X) = 

Moreover, by the first variational formula, 

< X,T > (0) =< X,T > (I) 

Since X is a Jacobi field, X" = 0. Furthermore, by the above equations, we 
have X' = 0. 

This proves that there is an isometry 

/ : h{U) - f 2 (U), /i(x)^/ 2 (x) 

which sends /i(x) to /2(x) and thus we have / o fi = f 2 . 

The theorem follows from the fact that fi(U) and fi(U) are isometric for 
i = 1,2. 

□ 



5. Local Rigidity of the Group Representation 

In this section we study the monodromy group representation on a hori- 
zontal slice. 

We assume that U is a horizontal slice. Let L C Aut{U) be a discrete 
group. Suppose T\U is of finite volume with respect to the Hodge metric. 

For the sake of simplicity, we assume that T is also the subgroup of the 
left translation of D = G/V, the classifying space. There is a natural map 
r\J7 — > T\G/Kq where G/Kq is the symmetric space of D = G/V as in 
Definition 13.11 Let 

g = {a G G\a G Aut(U)} 

Let Qq be the identity component of Q. 
The main theorem of this section is 

Theorem 5.1. Let T\U be of finite Hodge volume. Suppose further that 
Go is semisimple and Qo/KLq is a Hermitian symmetric space but is not a 
complex ball, where /Co is the maximum compact subgroup of Qq. Then the 
representation Y — > Q is locally rigid. 
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By local rigidity we mean that if pt : T — > Q is a continuous set of 
representations for t G (— e, e), then there is an at for any \t\ < e such that 
p t = Ad(a t )po. 

Before proving the rigidity theorem, we make the following assumption. 
We postpone the proof of the assumption to the end of this section. 

Assumption 5.1. Let /Co be a maximal compact subgroup of Go- Suppose 
T\ = r n Go- We assume that T\\Qq/K,q has finite volume with respect to 
the standard Hermitian metric on Go/fCo- In this case, we will call Y\ has 
finite covolume. 

We prove a series of lemmas. 
Let 

Gi = r + Go 

be the group generated by T and Go in G. 
Let 

ri = r n Go 

Lemma 5.1. Let tt : U — * T\U be the projection. Then for any x G U , 
the projection of the Go orbit n(Gox) is a closed, locally connected, properly 
embedded smooth submanifold ofT\U. 

Proof(cf, |2]): Go x is a closed properly embedded, locally connected 
smooth submanifold of U, we claim: 

Claim: tt^ 1 (tt(Gox)) = G\x. 

Proof: We know that G C N(Go)i the normalizer of Go hi G- So V£ E 
Go, b G T, there is a rj G Go such that b£ = rjb. Thus Vg G Gi, g = g\92 where 
gi G T and 52 G Go- So 

Tr(gx) = TT(g 1 g 2 x) = 7r(g 2 x) G tt{Gox) 

Thus gx G 7r _1 7r(^o2 ; )- 

On the other hand, if y G 7t~ 1 tt(Gox), then 7r(y) G ir(Gox), thus by defini- 
tion, y G 

Since ^ix is a properly embedded, locally connected smooth submanifold 
of U and G\x is T invariant. The lemma is proved by observing ir(Gix) = 
tt(Gox). 

□ 

In order to prove Theorem 15. 11 we use the following famous theorem of 
Margulis 7 a about the superrigidity of symmetric spaces: 

Theorem (Margulis). Suppose that Go is defined as above. IfT\ is of finite 
covolume, then for any homomorphism 

there is a unique extension 

<p : Go — > Go 

of group homomorphism. 
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The following lemma is a straightforward consequence of the above theo- 
rem of Margulis. 

Lemma 5.2. If x £ Go such that 

xy = yx 

for all y £F\, then x = e. 

Proof: Let <p : F\ — > Fi by y — > xyx -1 . Then ip has an extension 
<p '■ Go — ► Go- This extension is unique. So we must have <p(y) = xyx~ l = y. 
Since Go is semisimple, we have x = e. □ 

Lemma 5.3. Let T± = F l~l £?0; ^en 

Out(ri)/Jnn(ri) 

is a /mite group. 

Here Out(ri) denotes the group of isomorphisms of Fi and Inn(ri) de- 
notes the group of conjugations of F±. 

Proof: Let ip : Fi —> Fi be an element in Out(F\). Since Ti has finite 
covolume, we know there is a unique extension <p : Go ~^ Go- 

Thus <p G Out(Go)- Since Out(Go) = Inn(Go) because £?o is semisimple, 
there is a b £ Go such that <p(x) = bxb" 1 . Define 

<p : Go/K-o —> Go/ l^o aK,o —> baICo 

It is a T-equivariant holomorphic map. The lemma then follows from the 
following proposition. 

Proposition 5.1. Suppose F\G/K is of finite volume, then Aut(F\G/K) 
is a finite group. 

Proof: Since F\G/K is a Hermitian symmetric space, we know Aut(F\G/K) 
is the same as Iso(F\G/K). 

Suppose Iso(F\G/K) is not finite. Then we have a sequence of isometries 
fi, /2, ■ ■ ■ . Let p £ F\G/K be a fixed point and let V be a normal coordinate 
neighborhood of p. The we know that {fi(p)} must be bounded, otherwise 
there is a subsequence of fi such that fi(U) will be mutually disjoint. This 
will contradict to the fact that F\G/K has finite volume, because 

vol(F\G/K) > Y,vol{fi(U)) = +oo 

A contradiction. Let q = lim fi(p). For any x £ F\G/K, if i is large enough 
such that d(fi(p),q) < 1, then 

d(fi(x), q) < difiWJiip)) + 1 = d(x,p) + 1 

By Ascoli theorem, there is a subsequence of fi such that fi converges to 
an / G Iso(F\G/K). Thus Iso(F\G/K) is not discrete. So there is a 
holomorphic vector field X on F\G/K. 
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Suppose X = X l -£j in local coordinate, and ||^|| 2 = G,qX % XK Suppose 
the local coordinate is normal, then 

(5.1) d^ x \\X\ | 2 = Rqupcx 5 + d k x l d^ 

where Rq k j is the curvature tensor of the symmetric space. Thus in partic- 
ular dd\\X\\ 2 > 0. 

By the theorem of pQ, T\G/K is a concave manifold. Thus ||^|| 2 is a 
constant. On the other hand, from equation (|5.1|) . we have 

A||X|| 2 = Ric(X) + |VX| 2 

So Ric(X) = and thus X = 0. This is a contradiction. 

□ 

From the above proposition, there is an integer n such that a n = e for all 

a G Out(ri)/Jnn(ri) 

Let f 1 be the subgroup of Gi generated by Ti and a n where a £ T. Then 
we have an exact sequence 

(5.2) 1 -> Ti -» f -> 5 -» 1 

where -B is the quotient T/Ti. For any 6 G r/r^ with b G T, we have 
frrift- 1 cTi. So 6 G OuttTi). But by the definition of f, b is a trivial ele- 
ment in Out(Ti)/Inn(Tx). So there is a c G Ti such that be is commutative 
to Ti. So there is a homomorphism 

rj : B — > T, b be 

We can thus define a homomorphism 

£ : ri x f /ri -> f 

such that 

£(a,b) = 077(6) 

which is an isomorphism. In other words, the exact sequence (|5.2|) splits. 
Lemma 5.4. Let Gi = V + Go- Then 

Gi = Go x B 

Proof: We have 

f = Ti x B 

Define 

ip : Go X B — > Qi, ip(a, b) = ab 
Then ip is an isomorphism. 

□ 

Thus we know a family of representation of T splits to the representation 
to the discrete group B and Lie group Go respectively. 

Lemma 5.5. If the representation T — > Gi is locally rigid, then the repre- 
sentation r — > G is also locally rigid. 
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Proof: Let ipt ■ T — > G be a local family of representations, t G (— e, e). 
Then we see that restricts to a trivial family of representations on T. 
That is, there are at G Gi C with ao = e such that <£>t(x) = at^o^)^ 1 f° r 
x G f . Let £t = Ad(a^ 1 )(pt- Then we know £t(x) = fo( x ) for an x G f\ Now 
if x G T, then x n G T. So we have (&(x)) n = i t Po{ x )) n an d ^o(^) = <Pq( x )- 
Thus &(x) = ^o(^)- 

□ 

In the rest of this section, we prove Assumption l5.il 

Lemma 5.6. Gi is a closed subgroup of G. 

Proof: We know that Gi C Q. Let x m G Gi such that x m — > x for x G G. 
Then x G Aut(M) so x G £?. Thus for sufficient large to, x m and x are in 
the same component. In particular, we have x G £7i. □ 

Lemma 5.7. Lei p £ U , we have 

inf d(qp, GoP) > 
q&Gi\Go 

Proof: Suppose the assertion is not true, then we have {q m } G Gi and 
9m G Go such that 

d(q m p, g m p) -»• 0, m -> +oo 

or 

d(9m 1( lmP,p) -> 0, m -> +oo 
It is easy to check that C/oP is a homogeneous manifold, with compact 
stable group. 

Thus, there are k m £ ICo, & compact subgroup of Go such that 

So by passing a subsequence if necessary, we know 

This contradicts the fact that C?o is open. 
Let x,y G U. Let 

la = £o£, L 2 = Gov 
be the two Go orbits. We can define 

f(p) = d(p,L 2 ) 

be the distance of a point p G L\ to L2. 

Lemma 5.8. /(p) is a constant. 

Proof: Let p, q G Li. Then there is a 5 G Go such that (7 = gp. We have 

d(?,L 2 ) < d(q,0 = d(gp,0 = d(p,g- l £) 

This proves 

d(q,L 2 ) < d(p,L 2 ) 
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On the other hand, we also have 

d{q,L 2 ) < d(p,L 2 ) 

Thus d{q,L<2) = d{p,L 2 ) and f(p) is a constant. 

Define the distance between two orbits L\,L 2 by d(L\,L 2 ) = f(p). If 
L^L 2 , d(L u L 2 )>0. 

Let a£ Qi/Qq. Then aL defines another orbit. So we have a map 

Gi/Go^^, a ^ d{jaL , L) 
We know that d(aL, L) > for a / 0. Furthermore we have 
Lemma 5.9. 

s = inf d(aL, L) > 

a^O 

Proof: This is a consequence of the previous two lemmas. 

□ 

For any orbit Gop, T\Gop is a closed, properly embedded submanifolds 
(Lemma 15. We fix one of them, say L. 
Let 

W = {xeU\d(x,L)<^} 

where e is defined in the previous lemma. Then for any a £ Gi\Go, aUf~)U = 
0. In particular 

T\W = Ti\W 

in T\U. 
Now that 

vol(T\U) > vol{T\W) = vol(T{\W) 
For any p £ ri\Z7 3 there is a unique q £ L such that 

d(p, q) = d(p, L) 

Now we can prove the following proposition which implies the assumption: 
Proposition 5.2. If vol(T\U) < +oo, then 

vol(T\L) < +oo 
Proof: Let f(p) = d(p,L). Then by the coarea formula 

But |V/| < 1. So 

voliTi\U) > [ vol(f = c)dc 
Jo 

so at least there is a c s.t. 

vol(f = c) < oo 

Note that dim{/ = c} = dimU — 1. The proposition then follows from the 
induction. 
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